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Abstract We propose a modified Volterra series digital backpropagation algorithm that accounts for
polarization-mode dispersion (PMD) effects. The algorithm accounts only for nonlinear terms that are
PMD-insensitive, leading to both performance enhancement and substantial complexity reduction.
Introduction
Nonlinear distortions caused by the inherent
intensity-dependent Kerr nonlinearity of optical
fibers represent a severe bottleneck on the achiev-
able data rates of optical communication systems.
Digital backpropagation (DBP) is a universal tech-
nique used to compensate for such nonlinear dis-
tortions. It involves digitally solving the nonlinear
Schro¨dinger equation using the split-step Fourier
method (SSFM)1 or using perturbation analysis in
the time domain2 or frequency domain3. The lat-
ter approach is often referred to as Volterra series
(VS)4 DBP.
Originally, both the SSFM and the perturbation-
based DBP algorithms have been proposed with-
out accounting for the effects of polarization-mode
dispersion (PMD). The stochastic nature of PMD
affects the way in which nonlinearities accumulate
during the forward propagation, impairing the accu-
racy of the backward propagation and limiting the
achievable DBP gains5. Recently, several works
have showed that SSMF-DBP algorithms perform
better when the accumulated PMD is accounted for
in a distributed manner during the backward prop-
agation rather than being completely removed be-
fore or after the DBP procedure6,7.
In this work we propose a modified VS-DBP al-
gorithm that accounts for PMD by distinguishing
between nonlinear contributions that are sensitive
and insensitive to PMD. As opposed to conven-
tional DBP algorithms, which ignore the effect of
PMD and employ full-bandwidth backpropagation,
our method acts like a sliding window that scans
the entire bandwidth of the backpropagated signal,
ignoring PMD-sensitive contributions (which may
have a detrimental effect on the effectiveness of
DBP) and properly accounting for the ones that
are PMD insensitive. We show that our approach
provides higher achievable gains compared to con-
ventional DBP algorithms at substantially reduced
computational effort.
Theoretical background
We consider dual-polarization single-channel
transmission over a fiber link of length L. The
spectral component of the received signal at
angular frequency ω, in the absence of amplified
spontaneous emission (ASE) noise, can be written
as r(ω) = a(ω) + ∆a(ω), where the two-element
column vectors a(ω) and ∆a(ω) represent the
transmitted signal and the accumulated nonlinear
interference in the two polarizations, assuming
chromatic dispersion (CD) and PMD removal.
Based on a first-order perturbation analysis, the
term ∆a(ω) is given by
∆a(ω) =
∫∫
ψ(ω1, ω2, ω3)dω1dω2, (1)
where ω3 = ω − ω1 + ω2. The term ψ(ω1, ω2, ω3)
represents the four-wave mixing (FWM) generated
by the spectral components of the optical signal at
angular frequencies ω1, ω2, and ω3, and it is given
by
ψ(ω1, ω2, ω3) =
∫
L
0
ρ(ω1, ω2, ω3, z)J(ω, z)
†
J(ω3, z)
×a(ω3)a(ω2)†J(ω2, z)†J(ω1, z)a(ω1)dz, (2)
where ρ(ω1, ω2, ω3, z) = iγ
8
9
f(z) exp(iβ2(ω3 −
ω2)(ω2 − ω1)z) with f(z), γ, and β2 accounting for
the power profile, nonlinear coefficient, and dis-
persion coefficient of the fiber. The 2 × 2 matrix
J(ω, z) models the accumulated polarization rota-
tion at angular frequency ω and distance z.
In transmission scenarios with no PMD the polar-
ization rotation matrix J(ω, z) is fixed for all angular
frequencies ω, meaning that J(ω, z)†J(ω + ∆ω, z)
is equal to the identity matrix for any ∆ω, and all
FWM terms in Eq. (1) are independent of PMD.
In transmission scenarios with PMD the polariza-
tion rotation matrices at two different frequencies
J(ω, z) and J(ω + ∆ω, z) lose coherence for suffi-
ciently large values of∆ω. In this case the products
J(ω, z)†J(ω3, z) and J(ω2, z)
†
J(ω1, z) in Eq. (2) are
not necessarily equal to the identity matrix, caus-
ing the corresponding FWM products ψ(ω1, ω2, ω3)
to have dependencies on the exact PMD evolution
along the fiber link.
From a nonlinear compensation perspective, we
identify three relevant types of FWM contributions,
as visualized in Fig. 1. By approximating the spec-
tral autocorrelation function of PMD as a step func-
tion and defining J(ω, z) and J(ω + ∆ω, z) as sta-
tistically independent whenever |∆ω| is larger than
some value ∆ωmax and J(ω, z) = J(ω+∆ω, z) oth-
erwise, we find that:
(a) FWM products ψ(ω1, ω2, ω3) satisfying |ω1 −
ω2| = |ω3 − ω| ≤ ∆ωmax are PMD-insensitive
as they are always equal to∫ L
0
ρ(ω1, ω2, ω3, z)a(ω3)a(ω2)
†
a(ω1)dz. (3)
(b) FWM products ψ(ω1, ω2, ω3) that do not ap-
ply to above but satisfy |ω1 − ω| = |ω2 −
ω3| ≤ ∆ωmax are partially PMD-insensitive
as their statistical average with respect to the
polarization rotation matrices J(ω, z), J(ω1, z),
J(ω2, z), and J(ω3, z) is equal to
1
2
∫
L
0
ρ(ω1, ω2, ω3, z)a(ω1)a(ω2)
†
a(ω3)dz. (4)
Note that compared to the previous case, this
term is halved and a(ω1), a(ω3) are inter-
changed.
(c) FWM products ψ(ω1, ω2, ω3) that do not ap-
ply to all of the above are PMD-sensitive.
Their statistical average with respect to the
polarization rotation matrices J(ω, z), J(ω1, z),
J(ω2, z), and J(ω3, z) is always zero.
Modified Voltera series DBP
Conventional VS-DBP algorithms compensate for
the accumulated nonlinear interference by follow-
ing Eq. (1) and generating the various FWM terms
using Eq. (2). However, since the PMD-evolution
along the link is unknown, conventional algo-
rithms ignore it by replacing the polarization ro-
tation matrices J(·, z) with the identity matrix in
Eq. (2). Alternatively, our modified VS-DBP algo-
rithm scans over all possible FWM contributions
and accounts only for PMD-insensitive and partially
PMD-insensitive contributions by estimating them
using Eqs. (3) and (4), respectively. The value of
∆ωmax, which defines the type of each FWM con-
tribution, is a design parameter that needs to be
optimized. Note that when ∆ωmax is equal to the
backpropagated signal bandwidth, our modification
reverts to the conventional VS-DBP algorithm. Fig-
ure 2 illustrates the different FWM contributions for
a fixed ω as a function of ω1 and ω2. Conven-
tional VS-DBP algorithms integrate over the entire
domain ω1 × ω2 potentially degrading the perfor-
mance due to the inclusion of mismatched PMD-
sensitive contributions corresponding to the orange
area. Our modified algorithm ignores these contri-
butions and accounts only for the green and blue
areas, significantly alleviating the computational ef-
fort. Note that FWM contributions corresponding to
the green area are fully compensated for as they
always follow Eq. (3) under our assumptions. On
the other hand, FWM contributions corresponding
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Fig. 2: Types of FWM contributions ψ(ω1, ω2, ω3) for a fixed ω
as a function of ω1 and ω2.
to the blue area are only compensated for their av-
erage value (with respect to PMD, see Eq. (4));
the difference between their average and exact re-
alization is left uncompensated as it depends on
the exact PMD evolution along the link. Coinci-
dentally, the strongest FWM contributions for which∫
ρ(ω1, ω2, ω3, z)dz is most significant are the terms
located in the green and blue areas.
Results and discussion
We study through numerical simulations a point-
to-point transmission system of 100-km standard
single-mode fiber (SSMF) spans with α = 0.2
dB/km, β2 = 17 ps/(nm·km), and γ = 1.2 1/(W·km).
Each span is followed by one erbium-doped fiber
amplifier with a noise figure of 4.5 dB, compensat-
ing for the exact span loss. The transmitted signal
consists of a single polarization-multiplexed 16-ary
quadrature-amplitude modulated channel shaped
using a square-root-raised cosine pulse with ζ =
0.01 roll-off factor. Forward propagation is simu-
lated with SSFM steps of 0.1 km and static PMD is
emulated at every step using a polarization scram-
bler, which uniformly8 scatters the state of polar-
ization, and a retardation plate, which introduces a
Gaussian distributed differential group delay. Sev-
enty fiber realizations are simulated for each set of
parameters so as to capture the stochastic nature
of PMD. We perform VS-DBP at the receiver side
on a per-span basis followed by an ideal matched
filter, after which the signal-to-noise ratio (SNR)
is estimated by comparing the transmitted and re-
ceived symbols. We consider three PMD scenar-
ios summarized in Tab. 1. For each PMD scenario
we examine four different systems that result in the
same normalized accumulated PMD (defined as
Ωτc
√
L, where Ω and τc are the symbol rate and
the fiber PMD coefficient, see Tab. 1).
Figure 3 shows the achieved SNR as a function
of the input power for 100-GBaud transmission over
a 1000-km link with 0.5 ps/
√
km PMD coefficient.
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Fig. 1: Illustration of the three types of FWM contributions with respect to PMD.
PMD coeff. τc [ps/
√
km]
Link
length
L [km]
Symbol
rate Ω
[Gbaud]
Weak
PMD
Median
PMD
Strong
PMD
Line
style
1000 50 0.1 0.5 1
1000 100 0.05 0.25 0.5
4000 50 0.05 0.25 0.5
4000 100 0.025 0.125 0.25
bc
bc
Tab. 1: Transmission scenarios assumed in this work. The
normalized accumulated PMD Ωτc
√
L is equal to 0.158, 0.791,
and 1.581 for all scenarios belonging to the weak, median, and
strong PMD categories, respectively.
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Fig. 3: SNR versus input power for L = 1000 km, Ω = 100
Gbaud, τc = 0.5 ps/
√
km, and ∆ωmax = 2pi × 22 GHz.
Our VS-DBP algorithm with optimized ∆ωmax =
2pi × 22 GHz achieves ∼ 2.5 dB peak-SNR gain
with respect to CD compensation only and ∼ 0.45
dB SNR improvement with respect to conventional
full-bandwidth VS-DBP.
Figure 4 shows the relative peak-SNR gains of
our proposed method over the conventional full-
bandwidth VS-DBP as a function of ∆ωmax/W
(bottom x-axis), where W = 2pi × Ω(1 + ζ) is the
bandwidth of the signal, and the equivalent com-
plexity reduction (calculated based on the ratio be-
tween the number of FWM terms considered in
the modified and conventional VS-DBP, top x-axis).
While full-bandwidth VS-DBP provides the high-
est gain for all cases with low PMD, it is signifi-
cantly inferior to our modified VS-DBP algorithm
in all cases with median and strong PMD. As the
modified VS-DBP shifts from the conventional al-
gorithm and ∆ωmax becomes smaller than the sig-
nal bandwidth, more PMD-sensitive contributions
are ignored, yielding higher SNR gains and lower
computational complexity. Maximum gains of up
to 0.2 dB and 0.45 dB are achieved when ∆ωmax is
about 40% and 20% of the overall signal bandwidth,
corresponding to substantial complexity reductions
of 15% and 42%. The SNR gains then deteriorate
as ∆ωmax gradually goes to zero and less FWM
contributions are compensated for. We find that
optimal performance is obtained when ∆ωmax ≃
2.17/(τc
√
L), corresponding to the point where the
spectral autocorrelation function9 of J(ω, z) is 0.5.
Figure 4 also shows that all four cases within
each PMD scenario scale similarly with respect
to the normalized ∆ωmax, implying that one might
use these results to predict the performance of the
modified algorithm in other transmission scenar-
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Fig. 4: Peak-SNR gain improvement vs. normalized ∆ωmax by
the signal bandwidthW . The gains are measured with respect
to the conventional full-bandwidth VS-DBP. See Tab. 1 for the
lines legend.
ios. For example, joint backpropagation of 5× 100-
Gbaud channels in a 4000-km system with a realis-
tic PMD coefficient of 0.05 ps/
√
km is expected to
fall under the category of strong PMD; in this case
the gain and the complexity reduction of our algo-
rithm are expected to be similar to what is shown
by the yellow lines in Fig. 4.
Conclusions
We demonstrated a modified VS-DBP algorithm
that accounts for PMD by compensating for PMD-
insensitive and partially PMD-insensitive nonlin-
ear contributions only. This modification improves
the achieved SNR and significantly reduces the
required computational effort in the presence of
PMD. We expect the acquired benefits of this
method to be of great importance for future sys-
tems capable of performing large bandwidth joint
multi-channel backpropagation where even small
amounts of PMD can significantly limit the achiev-
able gains.
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